In this online appendix, I first provide a brief comparison of the small noise expansion series and the Taylor expansion series. I then use separably Taylor expansion series and the small noise expansion series to derive the pricing kernel in a one-market model with two dates, and the pricing kernel in a two-market model with three dates. I thereafter, investigate whether one obtains a pricing kernel that depends on the market co-skewness and the market volatility in a long run risk model and also in a model where the representative investor chooses his optimal allocation in the presence of the market equity and the variance swap contracts. The remaining part of the appendix contains additional tables and figures used in the paper.
Appendix A: A Brief Comparison of the Small Noise Expansion and the Taylor Expansion Series
To approximate the investor's utility u [W ] with Taylor expansion series, the usual route is to assume that
and expand u [.] around the expected value E (W ). Similarly to the Taylor expansion series, the small noise expansion framework would assume
and drive ε toward zero without making any restrictions on the distribution of Y . A simple comparison of both approaches in (A1) and (A2) shows that under the restriction
the small noise expansion series and the Taylor expansion series are equivalent. The small noise expansion approach drives ε toward 0. In order words, ε → 0 is equivalent to
where n is very large. Replacing (A4) in (A2) produces
The random variable Y represents the innovation in the aggregate wealth scaled by a large number. The probability density function of Y and W − E [W ] are proportional.
In this paper, I consider the small noise approximation of innovations in returns
and derive the pricing kernel in a one-period model with two dates (see Appendix C), and the pricing kernel in a two-period model with three dates (see Appendix D).
Appendix B: Pricing Kernel Obtained with the Standard Taylor Series in a Two-Period Model with Three Dates I assume that the representative agent maximizes his expected utility in a two-period model with three dates
where the investor's wealth is
and R e τ+1 = (R τ+1 − R f ), τ = t, t + 1. The initial wealth W t = 1. I use the first-order condition of (B1) with
and use the decomposition Cov t (X,Y ) = E t (XY ) − E t (X) E t (Y ) to expand (B3) to derive the risk premium
) .
I show in subsection B.1 and B.2 that the static Taylor expansion series and the recursive Taylor expansion series of the investor's marginal utility produce pricing kernels where the co-skewness risk and the volatility risk factor have identical prices.
B.1. Static Taylor Expansion Series
The standard Taylor expansion series of u
I replace (B5) in the risk premium (B4) and show
I notice that
Cov t
Since
The pricing kernel in (B8) resembles the pricing kernel with co-skewness and volatility risk derived in Proposition 1, except that the prices of co-skewness and volatility risk in (B8) are identical.
B.2. Recursive Taylor Expansion Series
I notice that W t+2 can be written as W t+2 = W t+1 (ω t+1 R t+2 ) and use Taylor expansion series recursively to derive the pricing kernel.
First, at time t + 1, I notice that W t+1 = ω t R t+1 and use Taylor series to expand the investor's marginal
(B9) I denote by h (W t+1 ) the right hand side of (B9), and hence
When W t+1 = R f , I use (B10) and (B9) to obtain
and
I replace (B12), (B13), and (B14) in (B11) and obtain
Replacing (B15) in the risk premium (B4) allows me to show that the contributions of the market, the co-skewness, and the volatility factors to the risk premium on asset k are respectively
Therefore, neglecting the remaining cross-product terms in (B15) allows to write the risk premium on asset k as
, and rewrite the risk premium (B17) as
Since the co-skewness and the market volatility factors have identical prices, − 1
, it is straightforward to show that, the co-skewness factor and the market volatility factor have the same factor loading in the pricing kernel specification.
Appendix C: Pricing Kernel Derived in a One-Period Model with Two Dates Using the Small Noise Expansion Series
In this section, I show that when the small noise assumption (A6) is used, existing asset pricing models can be derived in a one-period model with two dates. I consider the representative agent's optimization in a one-period model with two dates
Without loss of generality, I assume that W t = 1. The first-order conditions for (C1) are
and the expected excess return can be obtained by applying the covariance decomposition Cov t (X,Y ) =
I use the small noise assumption
and write
where Y t+1 is a vector whose components are Y kt+1 for k = 1, 2, .... The Taylor expansion series of
where
represents the jth derivative of u ′ [W t+1 ] with respect to ε. I notice that the term
] is constant and use (C7) to express the risk premium (C4) as
with
For j = 1, 2, and 3,
I ignore high-order terms Q > 3 in (C8)-(C9) and use (C12)-(C14) to show that
which simplifies to
I recall that the risk premium on the risky asset can be expressed as the negative of the covariance of the pricing kernel with the return on the risky asset
and I compare the risk premium (C18) to (C20) and recover the functional form of the pricing kernel M t+1 :
When ρ = κ = 0, (C21) reduces to the pricing kernel in the CAPM model. When κ = 0, (C21) reduces to the pricing kernel in the market co-skewness models of ? and ?. When ρ ̸ = 0 and κ ̸ = 0, (C21) reduces to the pricing kernel in ?. The price of the market co-skewness factor is − ρ ℘ 2 R f < 0, while the price of risk of the market co-kurtosis is κ
To summarize, the small noise expansion produces existing pricing kernels in a one-period model with two dates. The pricing kernel is a polynomial function of the market return. In Appendix D, I show that when the time interval is extended to a two-period model with three dates, the pricing kernel as opposed to (C21) is a function of the market return, the market volatility, the market skewness, and the market kurtosis. I show that the prices of these risk factors are related to risk-aversion, skewness preference, kurtosis preference, and high-order preferences. These prices are not to be confused with the price of risk of powers of the market return.
Appendix D: Pricing Kernels in a Two-Period Model with Three Dates Using the Small Noise Expansion Series
D.1. Expected Return Decomposition
As opposed to Appendix C, I derive the pricing kernel when the representative agent maximizes his expected utility over a two-period [t,t + 2] interval with three dates t, t +1, and t +2. I define R e t+1 = R t+1 −R f as the vector of excess return on the risky assets. The representative agent optimization problem is
Without loss of generality, I assume that W t = 1 and solve (D1) in two steps. I first solve
STEP 1: The first-order conditions of (D4) are
I apply the covariance definition,
, to (D6) and show that the risk premium on the risky asset is
(D8)
The Taylor expansion series of u
Combining (D10) and (D7) produces
I use assumption (D7) and then expand (D12) for j = 1, ..., 4, ignoring the cross-product terms to show:
The first-order conditions are
I recall that the proof of (D32) is given in STEP 1. I apply the definition of the covariance,
, to (D30) and show that the risk premium on the risky asset is
and show that
I notice that
Since I show in STEP 1 that
The investor's wealth (D38) can be expanded as follows
Therefore, [0], ignore the cross-product terms, and
show:
I combine (D36) and (D31) and show
D.2. Pricing Kernels
In this section, I use the relation between the pricing kernel and the risk premium on risky assets
to recover the functional form of the pricing kernel.
Pricing Kernel with Co-skewness and Volatility Risk When Q=1 I derive the pricing kernel when the order in (D36) is Q = 1. I recall that, from (D49) and (D23),
When Q = 1, the risk premium (D35) is
where σ 2 Mt+1 is the variance of the market return. I compare (D53) to (D50) and recover the pricing kernel
Pricing Kernel with Co-skewness and Volatility Risk When Q=2 I derive the pricing kernel when the order in (D36) is Q = 2. The risk premium (D35) is
is the skewness of the market return. I compare (D57) to (D50) and recover the pricing kernel
Pricing Kernel with Co-skewness and Volatility Risk When Q=3 I derive the pricing kernel when the order in (D36) is Q = 3. The risk premium (D35) is
is the kurtosis of the market return. I compare (D59) to (D50) and recover the pricing kernel 
where γ is the coefficient of relative risk aversion, ψ is the elasticity of intertemporal substitution, β is the subjective discount factor and g t+1 is the log consumption growth. ? specify the evolution of (log) consumption growth g t+1 as
In the model, x t is a persistent component of the expected consumption growth rate, and σ 2 t is the conditional variance of consumption with unconditional mean σ 2 . The time-series dynamics (E2)-(E3), combined with the SDF (E1), produces a log SDF that can be expressed as a function of market variance.
Because the expressions are derived using standard techniques, I intend to be brief. The return on a consumption claim can be approximated as
where z t is the log price-consumption ratio. The approximate solution for the log price-consumption ratio is
To show that the log SDF is a function of the innovation in the market variance, I write the innovation in the log market portfolio return as
I derive the conditional variance of the market portfolio return
which implies
The variance risk premium is
The log pricing kernel (E1) simplifies to
Under the time-series assumptions (E2)-(E3), I replace g t+1 , z t+1 and z t in equation (E11) and use (E8) to simplify the log pricing kernel:
where D 1 , D 2 , and D 3 are
This was the final step.
Appendix F: The Pricing Kernel When the Utility Function Depends on the Market Return and Volatility Factors
I consider a representative agent who maximizes his expected utility over wealth. The parsimonious way to allow the representative agent's utility function to be a function of the market volatility is to assume that the agent can only invest in the market return and the variance swap contract. A return variance swap has zero net market value at entry (?). At maturity, the payoff to the long side of the swap is equal to the difference between the realized variance over the life of the contract and a constant called the variance swap rate
where σ 2 Mt+1 denotes the proxy for the realized variance between t and t + 1.
Mt+1
) denotes the fixed variance swap rate that is determined at time t. The representative agent chooses the portfolio weights ω M
and ω v to maximize his expected utility
and the pricing kernel is
The first-order Taylor expansion series of the marginal utility u
,
Since u ′′ [E t W t+1 ] < 0, the price of the market factor is positive if ω M is positive, and the price of volatility risk is negative if ω v is negative. Bondareko (2007) considers an investor who maximizes the expected value of the constant (CRRA) utility function where the investor's wealth is defined by (F3) and shows (in Table 6 , page 47) that ω m < 0 and ω v < 0 when the investor's risk aversion takes the values 1, 2, 3, 5, 10, 20, and 50. Hence, G 1 > 0 and G 2 > 0.
Furthermore, in a one-period model, any high-order Taylor expansion series of the marginal utility u ′ [W t+1 ] in (F5) will not produce a pricing kernel function of the market volatility, market skewness, and market kurtosis as presented in Appendix D. . Column (1) presents the mean of the pricing kernel and Columns (2) and (3) present the risk aversion and skewness preference, respectively. Column (4) presents the Hansen and Jagannathan distance measure with p-values for the test of model specification. Columns (5)-(7) present the annualized price of market, co-skewness, and market volatility risk, using the estimated preference parameters. The set of returns I use in my estimations are those of 30 industry-sorted portfolios augmented by the return on a one-month Treasury bill, covering the sample periods 01/1986-12/2000, 01/1990-12/2000, 01/1996-12/2006, 01/1990-12/2000, and 01/1986-12/2006 . For the market portfolio, I use the value-weighted NYSE/AMEX/NASDAQ index, also known as the value-weighted index of the Center for Research in Security Prices (CRSP). As my proxy for the volatility of the market return, I use the Chicago Board Options Exchange (CBOE)s VXO, the VIX implied volatilities, and the Realized Volatility RV, respectively. In Panel A, I present the results when I use the VXO. Panel B presents the results when I use the VIX. Panel C presents the results when I use the realized volatility RV. Table III presents results of GMM tests of the Euler equation condition, EM t+1 R t+1 = 1 using the pricing kernel derived in Proposition 1 when the investment horizon T − t = 2 is augmented with ? size and book-to-market factors. I estimate the preference parameters by using the ? weighting matrix ER t+1 R ′ t+1 . Column (1) presents the mean of the pricing kernel and Columns (2) and (3) present the risk aversion and skewness preference respectively. Column (4) presents the Hansen and Jagannathan distance measure with p-values for the test of model specification. Columns (5)-(7) present the annualized price of market, co-skewness, and market volatility risk, using the estimated preference parameters. The set of returns I use in my estimations are those of 30 Dow Jones returns augmented by the return on a one-month Treasury bill, covering the sample period 01/1990-12/2006 . For the market portfolio, I use the value-weighted NYSE/AMEX/NASDAQ index, also known as the value-weighted index of the Center for Research in Security Prices (CRSP). As my proxy for the volatility of the market return, I use the Chicago Board Options Exchange (CBOE)s VXO, the VIX implied volatilities, and the Realized Volatility RV, respectively. In Panel A, I present the results when I use the VXO, the VIX, and the realized volatility RV. Panel B presents the results when I control for the Fama and French and the momentum factors. . Column (1) presents the mean of the pricing kernel and Columns (2), (3), and (4) present the risk aversion, skewness preference, and kurtosis preference respectively. Column (5) presents the Hansen and Jagannathan distance measure with p-values for the test of model specification. Columns (6)-(9) present the annualized price of market, co-skewness, market co-kurtosis, market skewness risk, and market volatility risk, using the estimated preference parameters. In Panel A, the set of returns I use in my estimations are those of 30 industry returns augmented by the return on a one-month Treasury bill, covering the sample period 01/1990-12/2006 . For the market portfolio, I use the value-weighted NYSE/AMEX/NASDAQ index, also known as the value-weighted index of the Center for Research in Security Prices (CRSP). As my proxy for the volatility of the market return, I use the Chicago Board Options Exchange (CBOE)s VIX implied volatilities. As my proxy for the market skewness, I use the skewness measure implied from options prices. I use the ? formula to compute the skewness measure. In Panel B, I use the Dow 30 returns as the test asset. [1988] [1989] [1990] [1991] [1992] [1993] [1994] [1995] Figure V depicts the model implied "projected" absolute risk aversion and the observed absolute risk aversion. The support for the graphs is the observed range of the return on the S&P 500 index. Each year, we find the set of parameters (1/R f , 1 ℘ , ρ) that generates a "projected" absolute risk aversion close to the observed absolute risk aversion in terms of the distance measure (27).
